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STRENGTHENING THE GAUSS-LUCAS THEOREM
FOR POLYNOMIALS WITH ZEROS
IN THE INTERIOR OF THE CONVEX HULL
ANDREAS RU¨DINGER
Abstract. According to the classical Gauss-Lucas theorem all zeros of the
derivative of a complex non-constant polynomial p lie in the convex hull of
the zeros of p. It is proved that for a polynomial p of degree four with four
different zeros forming a concave quadrilateral, the zeros of the derivative lie
in two of the three triangles formed by the zeros of p. Thus a strengthening
of the classical Gauss-Lucas theorem is established for this case, which can be
extended to the case of a polynomial of degree n for which the zeros do not
form a convex n-polygon.
1. Introduction
The well known classical Gauss-Lucas theorem states that the zeros of the de-
rivative p′ of a non-constant complex polynomial of degree n lie in the convex hull
of the zeros of the polynomial p and, if the zeros are not collinear and if there are
no multiple zeros, no zero of p′ lies on the boundary of the convex hull of the zeros
of p [1, 2].
Several refinements of the classical Gauss-Lucas theorem have been proved, e.g.
[3, 4]. Furthermore it is easy to show that the center of mass of the zeros of p is
identical with the center of mass of the zeros of p′. A comprehensive reference on
analytic aspects of polynomials is [5].
For polynomials p of degree three with three distinct zeros, Marden’s theorem
states that the zeros of p′ are the foci of the Steiner inellipse which is the unique
ellipse tangent to the midpoints of the triangle formed by the zeros of p [1, 6, 7].
It has been conjectured by H. Rehr, student of I. Altho¨fer, that for each polyno-
mial p one can find a polygon containing all zeros of p′ such that all vertices of the
polygon are zeros of p, and that the polygon goes through all zeros of p [8].
In the case of n = 4 this conjecture is identical with the first theorem proven in
this paper.
2. Statement and proof of strengthened Gauss-Lucas Theorem for
n = 4 and zeros forming a concave quadrilateral
Theorem 2.1. Let p : C→ C be a polynomial of degree four with four distinct zeros
forming a concave quadrilateral, thus having one zero lying in the convex hull of the
other three. This zero subdivides the triangular convex hull in three non-degenerate
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triangles, cf. figure 1. Then the interior of one of these triangles does not contain
a zero of p′.
z1 z2
z3
z4
Figure 1. Geometry of the situation where the theorem applies.
The four zeros of p form a concave quadrilateral. One of the zeros
lies in the convex hull of the other three, thus subdividing the
triangular convex hull in three triangles. The theorem states that
the interior of one of the three triangles does not contain a zero of
p′.
Proof. As the problem is invariant under linear affine transformations we can choose
without loss of generality the zero of p lying in the convex hull of the other three
zeros as z0 = 0 and one of the other zeros as z1 = 1. For sake of simplicity we name
the other two distinct zeros z2 = a and z3 = b. Thus we have
p : C→ C
z 7→ z(z − 1)(z − a)(z − b)
and therefore
p′(z) = 4z3 − 3z2(1 + a+ b) + 2z(ab+ a+ b)− ab
Let w1, w2, w3 the three (distinct) zeros of p
′. Then we have by comparing coeffi-
cients:
1
3
(w1 + w2 + w3) =
1
4
(0 + 1 + a+ b)
w1w2 + w2w3 + w3w1 =
1
2
(ab+ a+ b)
4w1w2w3 = ab(2.1)
The first equation shows that the center of mass of the zeros of p is identical with
the center of mass of the zeros of p′.
Setting wj = rj exp(iϕj) and a = ra exp(iα), b = rb exp(iβ) the last equation
implies
ϕ1 + ϕ2 + ϕ3 = α+ β mod 2pi.
Without loss of generality we can assume 0 < α < β < 2pi (cf. figure 2) and
0 ≤ ϕ1 ≤ ϕ2 ≤ ϕ3 < 2pi.
Setting ∆ϕ1 = ϕ1, ∆ϕ2 = ϕ2 − α, ∆ϕ3 = ϕ3 − β, we have
(2.2) ∆ϕ1 +∆ϕ2 +∆ϕ3 = 0 mod 2pi
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α β
z1 = 0 z2 = 1
z3 = a = ra exp(iα)
z4 = b = rb exp(iβ)
Figure 2. Introducing without loss of generality the choice of
coordinates with z1 = 0, z2 = 1 and showing the angles α and β.
We now proceed by showing that the configuration with1
• w1 located in the interior of the sector between the rays (0,R
+1) and
(0,R+a)
and
• w2 located in the interior of the sector between the rays (0,R
+a) and
(0,R+b)
and
• w3 located in the interior of the sector between the rays (0,R
+b) and
(0,R+1)
yields a contradiction: The first condition gives ∆ϕ1 ∈ (0, α), the second one
∆ϕ2 ∈ (0, β − α), the third one ∆ϕ3 ∈ (0, 2pi − β). Summing up, we get ∆ϕ1 +
∆ϕ2 +∆ϕ3 ∈ (0, 2pi) in contradiction to equation (2.2).
Thus at least one of the sectors must be without zeros of p′ and since all zeros lie
in the triangle (1, a, b) due to the Gauss-Lucas theorem, at least one of the interiors
of the triangles (0, 1, a), (0, a, b), (0, b, 1) does not contain a zero of p′. 
3. Generalizations
The result and the proof can be generalized in a straightforward way to a poly-
nomial of degree n with n > 4 and distinct zeros, if one zero (still z1 = 0) lies in
the interior of the convex hull of the other n− 1 ones:
With p(z) = z(z − 1)
∏n
i=3(z − zi) we find for the constant term of p
′(z) =
nzn−1 + . . .+ p′(0) the expression p′(0) = (−1)n−1
∏n
i=3 zi and, setting it equal to
the constant term of n
∏n−1
j=1 (w − wj) we get in generalization of equation (2.1):
(3.1) n
n−1∏
j=1
wj =
n∏
i=3
zi.
Under the assumption that no ray from z1 = 0 contains more than one zero, we
can generalize equation (2.2) and the subsequent reasoning from n = 4 to n > 4.
1A semi-infinite ray with origin 0 in C is defined by one point x 6= 0; we use the notation
(0,R+x).
4 ANDREAS RU¨DINGER
Furthermore, if there is more than one zero of p in the interior of the convex hull
of all zeros, we can proceed in the same way for each of the inner zeros, handling
the other inner zeros and the zeros on the convex hull on equal footing.
If there are d inner zeros and no three zeros collinear, one can therefore conclude
that there are d sectors with origins at the d inner zeros that can be excluded as
location for the zeros of p′, cf. figure 3.
Figure 3. For d inner zeros (in the figure d = 3), d sectors (in
gray) can be excluded as locations for the zeros of p′.
In addition to the situation shown in the figure 3, a sector can also be formed
by three inner zeros, cf. figure 4.
Figure 4. A sector formed by three inner zeros.
As a further generalization we allow the polynomial to have multiple zeros, except
for the one zero (still z1 = 0) in the interior of the convex hull of the others. Thus
p(z) = z(z − 1)k2
n∏
i=3
(z − zi)
ki , deg p = 1 +
n∑
i=2
ki, and
p′(0) = (−1)k2
n∏
i=3
(−zi)
ki = (−1)deg p−1
n∏
i=3
zi.(3.2)
From equation (3.2) we find similar to above in generalization of (2.2):
(3.3)
n∑
i=1
ki arg zi =
deg p−1∑
j=1
argwj
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If p has zeros of order ki at zi (z2 = 1), it is clear that p
′ has (trivial) zeros of order
ki − 1 at zi and thus n− 1 nontrivial zeros, which lie according to Gauss-Lucas in
the interior of the convex hull of {1, z3, . . . , zn}. If we take the zeros wj located at
zi, yielding contributions of respectively (ki − 1) arg zi to the right side of equation
(3.3), into consideration, we get
(3.4)
n∑
i=1
arg zi =
n−1∑
j=1
argwj ,
where wj , i = 1, . . . , n−1 are the n−1 non-trivial zeros of p
′. We are therefore back
to the same condition as for the case of zeros of order one and can conclude that
there is one sector (between rays (0,R+zi) and (0,R
+zi+1), i = 2, . . . , n, cyclically)
without zeros of p′.
Finally, if the zero in the interior of the convex hull is a multiple zero, we can
further generalize the above reasoning by not considering the constant term of p′(z)
but the lowest order non-vanishing coefficient. This coefficient is proportional to
the product of the non-trivial zeros of p′.
We have thus shown:
Theorem 3.1. Let p : C → C be a polynomial of degree n with d zeros located in
the interior of the convex hull of the other zeros. For each inner zero of p, which
is not collinear with two other zeros, there is a sector defined by the inner zero and
two (adjacent) rays through other zeros which does not contain a zero of p′.
4. Outlook and open questions
As mentioned, it has been conjectured by H. Rehr that for each polynomial p
one can find a polygon containing all zeros of p′ such that all vertices of the polygon
are zeros of p, and that the polygon goes through all zeros [8].
In the case of n = 4 this conjecture is identical with the first theorem of this
paper.
Unfortunately, the theorems are only results of existence. Even for simple zeros
and n = 4 it is not obvious if a geometric criterion can be given to decide which of
the three triangles is the one without zeros. By considering special cases (e.g. two
real and two conjugate complex zeros) it can be excluded, that the largest inner
angle or the smallest area of the triangle are such criteria.
For n > 4 the conjecture by Rehr is stronger than the second theorem of this
paper and remains open to be proved or refuted.
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